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AN ARITHMETIC INVARIANT THEORY OF CURVES FROM E8
AVINASH KULKARNI
ABSTRACT. Let k be a field of characteristic 0, let C/k be a uniquely
trigonal genus 4 curve, and let P ∈ C(k) be a simply ramified point
of the uniquely trigonal morphism. We construct an assignment of an
orbit of an algebraic group of typeE8 acting on a specific variety to each
element of JC(k)/2. The algebraic group and variety are independent
of the choice of (C,P ). We also construct a similar identification for
uniquely trigonal genus 4 curves C with P ∈ C(k) a totally ramified
point of the trigonal morphism.
Our assignments are analogous to the assignment of a genus 3 curve
with a rational point (C,P ) to an orbit of an algebraic group of type E7
exhibited by Jack Thorne [Tho16]. Our assignment is also analogous to
one constructed by Bhargava and Gross [BG13], who use it determine
average ranks of hyperelliptic Jacobians.
1. INTRODUCTION
Given a smooth projective curve over a field k, we are often interested in
computing the k-rational points on this curve or its Jacobian variety. If k is a
number field, the k-rational points on the Jacobian variety has the structure
of a finitely generate abelian group, and performing a 2-descent allows us
to compute an upper bound for the rank. More specifically, performing a
2-descent computes the rank of the 2-Selmer group of the Jacobian, which
is necessarily at least the rank of the Jacobian. If the curve C has a k-
rational point, then the Abel-Jacobi map j embeds C into its Jacobian JC .
A two-cover descent [BS09] on C identifies a subset of the 2-Selmer group
of JC which contains those classes in the image of C(k)
j
→ JC(k)
δ
→
H1(k, JC[2]).
For the family of hyperelliptic curves over k with a marked rational
Weierstrass point, whose models are given by
C : y2 = x2n+1 + a2nx
2n + . . .+ a1x+ a0
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2 AVINASH KULKARNI
it was shown by Bhargava and Gross in [BG13] that we can understand the
average size of the 2-Selmer group of the Jacobian in a meaningful sense.
One of the major insights was that the elements of the 2-Selmer group natu-
rally correspond to orbits of SO2n+1(k) acting by conjugation on the linear
space {A ∈ sl2n+1k : A = −A
T } [BG13], [Tho13, Section 2.2, Exam-
ple]. Using a representation of SLn k on k
2 ⊗ Symnk, one can understand
the average behaviour of k-rational points on general hyperelliptic curves
[BGW17].
The goal of arithmetic invariant theory is to describe the arithmetic of a
family of algebraic or geometric objects in terms of the space of k-rational
orbits of a representation of an algebraic group. In recent years it has been
extremely successful in understanding the average behaviour of k-rational
points on certain curves and abelian varieties [BG13,BGW17,BS15,BS17,
RS17,RT17,Wan13]. The results for hyperelliptic curves extend to a con-
nection between the adjoint representations of groups of type A,D,E and
specifically identified families of curves [Tho13,RT17] which are constructed
from the invariants of these representations. Thorne has also demonstrated
that the adjoint form of E6 or E7 acting on itself via conjugation gives rise
to an understanding of 2-descents on plane quartic curves [Tho16].
The purpose of this paper is to establish a connection between the split
adjoint simple group of type E8 acting on itself via conjugation and the
family of uniquely trigonal genus 4 curves with a ramified fibre defined over
k. Our method of argument closely follows [Tho16]. A large part of our
work is adapting many of the results for plane quartic curves that [Tho16]
relies upon to apply to uniquely trigonal genus 4 curves. Additionally, there
are some minor technical differences between E7 and E8 that we need to
take into account.
Remark 1.1. The family of affine plane curves in [RT17] given by
(⋆) y3 = x5 + y(c2x
3 + c8x
2 + c14x+ c20) + c12x
3 + c18x
2 + c24x+ c30
is in fact a family of uniquely trigonal genus 4 curves. We point out that our
construction treats a more general curve as the trigonal morphism π : (y, x)→
(x : 1) will always have a totally ramified fibre over the point at infinity for
any curve of the form (⋆). Our procedure naturally identifies how the fam-
ily in [RT17] connects to the general case. Specifically, the family of pairs
(C, P ) with C a curve in (⋆) and P the totally ramified point on C at infin-
ity is treated in the e8 case of our argument. Moreover, if C/k is a uniquely
trigonal curve of the form (⋆), our results augment [RT17, Theorem 2.10]
by constructing an orbit for every class in JC(k)/2, as opposed to just those
classes in the image of the Abel-Jacobi map, i.e, those classes relevant to a
two-cover descent. Unlike [RT17], we do not attempt to calculate the aver-
age size of the Selmer group of the Jacobian of a uniquely trigonal genus 4
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curve with a marked ramified fibre. We hope that this is the topic of a future
paper.
We describe the layout of the paper. We fix notation in Subsection 1.1.
Our main results are stated in Subsection 1.2. In Section 2 we give a brief
summary of the techniques introduced in [Tho16]. We state the background
results we will need from Lie groups in Section 3 and describe the family
of uniquely trigonal genus four curves in Section 4. In Section 4 we also
prove Theorem 1.2. In Section 5 we perform some technical calculations.
Finally, we prove Theorem 1.3 and Theorem 1.4 in Section 6.
1.1. Notation and conventions. Throughout we shall assume that k is a
field of characteristic 0. The separable closure of k will be denoted by ksep.
If V is a variety defined over k we let Vksep := V ×k k
sep. We implicitly
mean k-rational whenever the term rational is used. We use the standard
terminology from the theory of Lie groups and Lie algebras, which can be
found in [FH91] or [Bou75, Chapter 7, Section 5]. Generally,H will denote
a split adjoint simple group of type A, D, or E over k and T will denote
a split maximal subtorus of H . Additionally, Λ will denote the character
lattice of T and WT will denote the Weyl group associated to Λ, acting on
T . If H is a Lie group, then we will denote by h its Lie algebra.
We let Set be the category of sets and let k-alg be the category of k-
algebras. In this article a moduli functor is a functor from k-alg to Set.
We denote the moduli functor for smooth uniquely trigonal genus 4 curves
by T4. We denote the moduli functor for smooth uniquely trigonal genus
4 curves, together with a marked ramification point, simple ramification
point, or totally ramified point by T ram4 , T
s.ram
4 , or T
t.ram
4 respectively. We
denote the moduli functor for smooth genus 3 curves byM3, and the moduli
functor for pointed smooth genus 3 curves by M13. i.e, M
1
3 is the moduli
functor of smooth genus 3 curves together with a marked point. If F is one
of the aforementioned moduli functors of curves then we denote by F(2)
the moduli functor of curves parametrized by F with marked 2-torsion of
their Jacobian variety.
A semisimple Lie algebra h defined over k is split over k if it has a split-
ting Cartan subalgebra t defined over k. A Cartan subalgebra t −֒→ h is
splitting (over k) if adh t is diagonalizable over k for all t ∈ t. A Lie group
is split over k if its Lie algebra is split over k. For a semisimple Lie groupH ,
an element x ∈ H is regular if its centralizer in H has minimal dimension.
Similarly, for a semisimple Lie algebra h, an element x ∈ h is regular if its
centralizer in h has minimal dimension. If G is a semisimple Lie group we
denote the open subset of regular semisimple elements by Grss. We make
a similar definition for grss. The regular semi-simple points on a maximal
subtorus T of H are exactly those not lying on a root hyperplane.
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If θ : H → H is an involution of an algebraic group H , we define Hθ to
be the subvariety of H fixed by θ and define Hθ(h)=h
−1
to be the subvariety
of H defined by the equation θ(h) = h−1. We write H◦ for the connected
component of the identity of H . If h is a split semisimple Lie algebra over
k of type En, then a split adjoint simple group of type En over k is any Lie
group isomorphic over k to Aut(h)◦ (c.f [FH91, page 101 and Proposition
D.40]).
IfX/k is a scheme acted upon by a reductive group G/k, then we denote
the categorical quotient of X by G, with X interpreted as functor from
k-alg to Set, byX  G [MFK94].
1.2. Statement of our main results. Let C/k be a uniquely trigonal genus
4 curve and let P ∈ C(k) be a ramification point of the unique (up to PGL2)
morphism π : C → P1 of degree 3. We split our analysis into two cases:
Case E8: The ramification index of P with respect to π is 2 (the generic
case, where P is a simple ramification point).
Case e8: The ramification index of P with respect to π is 3 (P is a totally
ramified point of π).
As in [Tho16], the names indicate the Lie group or Lie algebra used to
construct the appropriate orbit spaces. We prove the direct analogues of
Thorne’s results.
Theorem 1.2.
E8 : If k = ksep, then there is a bijection
T s.ram(k)→ (T rss  WT )(k)
with Λ the root lattice of type E8 and T = Hom(Λ,Gm) the split
torus of rank 8.
e8 : If k = ksep, then there is a bijection
T t.ram(k)→ (Ptrss WT )(k)
with t the Lie algebra of the torus T .
Theorem 1.3.
E8 : Let H be the split adjoint simple group of type E8 over k, let θ
be an involution of H satisfying the conditions of Proposition 3.3,
and let X := (Hθ(h)=h
−1
)◦ be the theta inverted subvariety. Let
G := (Hθ)◦. Let Xrss be the open subset of regular semi-simple
elements. Then the assignment (C, P ) 7→ κC of Theorem 1.2-E8
determines a map
T s.ram(k)→ G(k)\Xrss(k).
If k = ksep, then this map is a bijection.
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e8 : LetH be as above, letX := hdθ=−1 be the Lie algebra of (Hθ(h)=h
−1
)◦,
and let Xrss be the open subset of regular semi-simple elements.
Then the assignment (C, P ) 7→ κC of Theorem 1.2-e8 determines a
map
T t.ram(k)→ G(k)\PXrss(k).
If k = ksep, then this map is a bijection.
Theorem 1.4.
E8 : Fix an x = (C, P ) ∈ T s.ram(k) and by abuse of notation we denote
by x the image of (C, P ) in T WT . Let π : X → X G denote the
natural quotient map, where X is as in Theorem 1.3-E8. Note that
X G is canonically isomorphic to T WT . Let Xx be the fibre of
π over x and let Jx = JC . Then there is a canonical injective map
Jx(k)
2
−֒→ G(k)\Xx(k).
e8 : Fix an x = (C, P ) ∈ T t.ram(k) and by abuse of notation we denote
by x the image of (C, P ) in PtWT . Let π : PX → PX G denote
the natural quotient map, whereX is as in Theorem 1.3-e8. Let PXx
be the fibre of π over x and let Jx = JC . Then there is a canonical
injective map
Jx(k)
2
−֒→ G(k)\PXx(k).
2. A SUMMARY OF THORNE’S CONSTRUCTION OF ORBITS
In this section, we give a summary of Thorne’s construction of orbits
since we will ultimately be following the same overarching strategy. The
identification of pointed plane quartic curves to orbits is split into four cases
depending on the behaviour of the tangent line at P to the curve. These are:
Case E7: The tangent line to P meets C at exactly 3 points (the generic
case).
Case e7: The tangent line to P meets C at exactly 2 points, with contact
order 3 at P (i.e P is a flex).
Case E6: The tangent line to P meets C at exactly 2 points, with contact
order 2 at P (i.e P lies on a bitangent).
Case e6: The tangent line to P meets C at exactly 1 point, with contact
order 4 (i.e P is a hyper-flex)
The name of each case refers to the semisimple algebraic Lie group, or
semisimple algebraic Lie algebra used to construct the orbit space which
parametrizes points of the noted type on plane quartic curves.
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For simplicity we describe the argument of [Tho16] for the E7 case only,
but we note that the other cases are treated similarly. The argument is guided
along three milestone theorems. We list these as Theorem 2.1, Theorem
2.2, and Theorem 2.3 and outline the arguments used in proving them. Let
S be the subfunctor ofM13 parameterizing non-hyperelliptic pointed genus
3 curves, whose marked point P in the canonical model is not a flex and
does not lie on a bitangent.
Theorem 2.1 ([Tho16, Theorem 3.4]). If k = ksep, then there is a bijection
S(k)→ (T rss WT )(k)
with Λ the root lattice of type E7 and T = Hom(Λ,Gm) the split torus of
rank 7.
Theorem 2.1 is a reformulation of some results of [Loo93]. The result is
established by using a connection between non-hyperelliptic genus 4 curves
and del Pezzo surfaces of degree 2. Theorem 2.1 or [Loo93, Proposition
1.8] shows that S(2) is naturally isomorphic to an open subset of a rank 7 (=
dimM13) torus. This isomorphism arises from the relationship between
smooth plane quartics and del Pezzo surfaces of degree 2. Namely, every
del Pezzo surface of degree 2 is a double cover of P2 branched along a
smooth plane quartic, and every smooth plane quartic arises in this way. The
result in [Loo93, Proposition 1.8] shows that the additional data of an anti-
canonical section of a degree 2 del Pezzo surface corresponds (generically)
to the data of a point on the associated plane quartic.
Thorne then takes advantage of the fact that del Pezzo surfaces of degree
2 have a strong connection to split adjoint simple groups of typeE7 and uses
classical results on Lie groups to strengthen Theorem 2.1 to Theorem 2.2
below. In particular, [Tho16, Theorem 1.11] gives an isomorphism T rss 
WT ∼= X
rss  G, and [Tho16, Section 2] provides a construction of the
larger algebraic group using a root datum and auxiliary data. The final step
of this argument is to show that this extra abstract data is supplied by the
choice of plane quartic and point.
Theorem 2.2 ([Tho16, Theorem 3.5]). Let H be the split adjoint simple
group of typeE7 over k, let θ be an involution ofH satisfying the conditions
of Proposition 3.3, and let X := (Hθ(h)=h
−1
)◦ be the theta inverted subva-
riety. Let G := (Hθ)◦. Let Xrss be the open subset of regular semi-simple
elements. Then the assignment (C, P ) 7→ κC of Theorem 2.1 determines a
map
S(k)→ G(k)\Xrss(k).
Finally, Theorem 2.2 is twisted to become Theorem 2.3. The auxiliary
data provided by a plane quartic and point (C, P ) in the proof of Theorem
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(C, P ) =: x // S(k)
 _

  // (T WT )(k)
Jx(k)
2
  // G(k)\Xx(k)
  // G(k)\X(k)
ρ // (X G)(k)
∼
OO
X
π
OO
FIGURE 1. Diagram of functors.
2.2 depends on a chosen translate of 2Wg−1, where Wg−1 is a theta divisor
of JC . In turn, for a fixed curve C, the choices of non-equivalent translates
of 2Wg−1 over a field k are parametrized by the choices of [D] ∈
JC(k)
2
.
In Theorem 2.2 this choice can be made systematically among all pointed
plane quartics since
JC(k)
2
always contains the trivial class1. However, for
a fixed pointed curve (C, P ) there are potentially many choices of a class
in
JC(k)
2
, and thus many choices of translates of 2Wg−1. The G(k
sep)-orbit
assigned to (C, P ) decomposes into several G(k)-orbits, and there is an
assignment of one of theseG(k)-orbits to each choice of translate of 2Wg−1.
For the technical details one should consult [Tho16, Section 1] and the proof
of Theorem 2.3.
Theorem 2.3 ([Tho16, Theorem 3.6]). Fix an x = (C, P ) ∈ S(k) and
by abuse of notation we denote by x the image of (C, P ) in T  WT . Let
π : X → X  G denote the natural quotient map. Note that X  G is
canonically isomorphic to T  WT . Let Xx be the fibre of π over x. Then
there is a canonical injection
Jx(k)
2
−֒→ G(k)\Xx(k)
such that the image of x in G(k)\X(k) is the image of [0] ∈ Jx(k)/2Jx(k).
Figure 1 is a diagrammatic description of the relations between the func-
tors noted in the three theorems above. Note in general that ρ is not a
bijection, though it is a bijection when k is separably closed.
3. BACKGROUND REGARDING GROUPS OF TYPE A,D,E
We will make use of the results of [Tho16, Section 1D], which we state
here for convenience. Our Theorem 3.2 below is slightly modified from
1As one is parameterizing plane quartic curves with a k-rational point, one could also
systematically choose the class [4P −KC ] among all pointed curves, where hereKC is the
canonical class of C.
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Thorne’s Theorem 1.10. The change allows us to state our results in the e8
case without the extra data of a tangent vector required at various points for
the e6, e7 cases of Thorne’s results.
Theorem 3.1 ([Tho16, Theorem 1.11]). (a) LetH be a split adjoint simple
group of type A,D, or E. Let Y := (Hθ(h)=h
−1
)◦ and let G := (Hθ)◦.
Let T be a maximal subtorus of Y and letWT be the Weyl group of this
torus. Then the inclusion T ⊆ Y induces an isomorphism
T WT ∼= Y G.
(b) Suppose that k = ksep and let x, y be regular semisimple elements.
Then x is G(k)-conjugate to y if and only if x, y have the same image
in Y  G.
(c) There exists a discriminant polynomial ∆ ∈ k[Y ] such that for all x ∈
Y , x is regular semisimple if and only if ∆(x) 6= 0. Furthermore, we
have that x is regular semi-simple if and only if the G-orbit of x is
closed in Y and StabG(x) is finite.
Theorem 3.2 ([Tho16, Theorem 1.10]).
(a) Let H be a split adjoint simple group of type A,D, or E and let h be its
Lie algebra. Let V := hdθ=−1 and let G := (Hθ)◦. Let t be a Cartan
subalgebra of V and letWt be the Weyl group. Then the inclusion t ⊆ V
induces an isomorphism
t  Wt ∼= V G.
Additionally, V  G is isomorphic to affine space.
(b) Suppose that k = ksep and let x, y be regular semisimple elements.
Then x is G(k)-conjugate to y if and only if x, y have the same image
in V  G.
(c) There exists a discriminant polynomial ∆ ∈ k[V ] such that for all x ∈
Y , x is regular semisimple if and only if ∆(x) 6= 0. Furthermore, we
have that x is regular semisimple if and only if theG-orbit of x is closed
in V and StabG(x) is finite.
(d) Moreover, we have that the isomorphism from part (a) induces isomor-
phisms
Pt  Wt
∼=
∼= PV G
∼=
(t\{0})  (Wt ×Gm) ∼= (V \{0})  (G×Gm).
Proof. The statements of parts (a-c) are directly from [Tho16, Theorem
1.10], so we need only prove the last claim.
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By definition, we have that PV := (V \{0})  Gm, where Gm acts on
V via λg 7→ (λ · idV )(g). In particular, λ acts on V through the centre of
GL(V ), so we ascertain that G × Gm acts on V . Moreover, we have that
G × Gm acts on t via the inclusion i : t −֒→ V . The action of G × idGm
on t factors through Wt by the first part of the theorem, and the action of
idG × Gm on t factors faithfully through the centre of GL(t) since i is a
morphism of Lie algebras. Thus, we see that Wt × Gm acts on t and that
this action is compatible with the action of G×Gm on V .
From part (a), we have that i induces an isomorphism i : tWt ∼= V G.
Since this induced isomorphism is also Gm-equivariant, we have
((t\{0}) Gm) Wt ∼= (t\{0})  (Wt ×Gm)
∼= ((t\{0})  Wt) Gm
i
∼= ((V \{0})  G) Gm
∼= (V \{0})  (G×Gm) ∼= ((V \{0}) Gm)  G
which gives the result. 
The approach we use in this article requires several results regarding in-
volutions of a split adjoint simple algebraic group. Historically, Vinberg
theory has been of great help in understanding these involutions. The spe-
cific involutions we are interested in are the stable involutions (in the sense
of [Tho13, Section 2]) which are also split.
Proposition 3.3 ([Tho16, Proposition 1.9]). LetH be a split adjoint simple
group of type A, D, or E over k. There exists a unique H(k)-conjugacy
class of involutions θ of H satisfying the following two conditions:
(i) Tr(dθ : h→ h) = − rkH
(ii) The group (Hθ)◦ is split.
It will be convenient to name the involutions satisfying the conditions of
Proposition 3.3.
Definition 3.4. Let H be a split adjoint simple group of type A, D, or
E over k. We call an involution θ : H → H satisfying the conditions of
Proposition 3.3 an involution of Thorne type.
3.1. The refined construction of Lurie. We give a short summary of [Tho16,
Section 2] as this will be helpful to state the main result we rely on. For de-
tails the reader is encouraged to consult the original article.
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Consider the following collection of abstract data:
Data I:
(1) An irreducible simply laced root lattice (Λ, 〈·, ·〉) together with a
continuous homomorphism Gk → WΛ ⊆ Aut(Λ). Here WΛ is the
Weyl group of Λ.
(2) A central extension V˜ of V := Λ/2Λ, where V˜ satisfies
0 // {±1} // V˜ // V // 0
and for any v˜ ∈ V˜ we have that v˜2 = (−1)
〈v,v〉
2 .
(3) A continuous homomorphism Gk → Aut(V˜ ) leaving {±1} invari-
ant, compatible with Gk → Aut(Λ)→ Aut(V ).
(4) A finite dimensional k-vector spaceW and a homomorphism ρ : V˜ →
GL(W ) of k-groups.
We denote the ensemble of such data by a quadruplet (Λ, V˜ ,W, ρ). We
may form the category C(k) of quadruplets satisfying conditions (1)-(4),
whose morphisms are the obvious morphisms. Thorne [Tho16, Section 2]
presents a modified construction of Lurie [Lur01], which given a quadruplet
(Λ, V˜ ,W, ρ) produces:
Data II:
(a) A simple Lie algebra h over k of type equal to the Dynkin type of Λ.
(b) A Lie group H , which is the adjoint group over k whose Lie algebra is
h, and a maximal torus T of H . The torus T is canonically isomorphic
to Hom(Λ,Gm).
(c) An involution θ : H → H which acts on T by θ(t) = t−1.
(d) An isomorphism T [2](ksep) ∼= V ∨ of Galois modules.
(e) A Lie algebra homomorphism ρ : hdθ=1 → gl(W ) defined over k.
We denote the ensemble of such data by a tuple (H, θ, T, ρ), and we
may form a category D(k) whose objects are tuples satisfying conditions
(a)-(e) and whose morphisms are morphisms of the underlying Lie groups
ϕ : H1 → H2 over k such that ϕ intertwines the involutions θ (i.e, θ2ϕ =
ϕθ1), satisfies ρ2 ◦ dϕe = ρ1, and such that ϕ(T1) ⊆ T2. Note that while we
require ϕ(T1) ⊆ T2, this inclusion is not necessarily canonically defined.
We point out that in Lemma 6.4, we construct morphisms in D(k) where
the tori are canonically identified. We phrase the construction of Lurie as
modified by Thorne in the following way:
Theorem 3.5. For each field k of characteristic 0, there is a functor fk : C(k)→
D(k) which is injective on objects.
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Remark 3.6. One can infer that this functor is injective on objects from the
appendix of [Tho16], due to Kaletha.
4. UNIQUELY TRIGONAL GENUS 4 CURVES, DEL PEZZO SURFACES OF
DEGREE 1, AND E8
We now describe the classically understood relation between the E8 lat-
tice, del Pezzo surfaces of degree 1, and uniquely trigonal genus 4 curves.
We point out that [Tho16] relies on the analogous connections between
plane quartic curves, del Pezzo surfaces of degree 2, and the E7 lattice.
Generally, a genus 4 curve is trigonal in two different ways, and the cor-
responding linear systems of divisors can be found as follows. A canonical
model of a non-hyperelliptic genus 4 curve is a complete intersection of a
quadric and a cubic in P3. A linear system of lines on the quadric induces a
linear system of degree 3 and dimension 1 on the curve. In the general case,
the quadric is nonsingular and has two such linear systems. In the special
case where the quadric has a singular point, there is only one such linear
system. In that case the curve is trigonal in only one way.
Definition 4.1. Let C/k be a smooth curve of genus g. We say that C is a
uniquely trigonal curve if for any two morphisms π, π′ : Cksep → P1ksep of
degree 3, there is a τ ∈ Aut(P1ksep) such that π = τ ◦ π
′.
Remark 4.2. It is impossible for a smooth curve of genus greater than 2,
defined over a characteristic 0 field, to be both trigonal and hyperelliptic
[Vak01, Section 2.8].
Let S/k be a del Pezzo surface of degree 1 and let KS be the canonical
divisor of S. We have that −3KS is very ample, and the model of S given
by the associated linear system embeds S as a smooth sextic hypersurface
in the weighted projective space P(1 : 1 : 2 : 3). Conversely, any smooth
sextic hypersurface in P(1 : 1 : 2 : 3) is a del Pezzo surface of degree 1.
Additionally, the linear system associated to the divisor−2KS determines a
rational map S 99K P(1 : 1 : 2) of generic degree 2. There is an order 2 au-
tomorphism of S which exchanges the branches of this rational map called
the Bertini involution. Moreover, the fixed locus of the Bertini involution
is the union of a smooth irreducible curve and an isolated point. We call
the component which is the smooth irreducible curve the branch curve. For
details, see [Dol12, Section 8.8.2].
Let C be the branch curve of the Bertini involution. The linear system
associated to the divisor −KS determines a rational map πS : S 99K P
1
which restricts to a degree 3 morphism πC : C −→ P
1. The sections of the
anti-canonical bundle of S are precisely the fibres of πS . It is classically
known that the set of p ∈ P1(ksep) such that the curve π−1S (p) is singular is
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exactly the set of p ∈ P1(ksep) such that there is a ramification point of πC
lying over p (see [Kul16, Corollary 2.2]). For details, see [Dol12, Section
8.8.3]. Theorem 4.3 is a compilation of classical facts.
Theorem 4.3. Let C be a curve of genus 4 which is not hyperelliptic. Then
the following are equivalent:
(a) The curve C is a uniquely trigonal curve.
(b) The canonical model of C is the intersection of a cubic and a quadric
cone in P3.
(c) There is a vanishing even theta characteristic of C. That is, there is
an isomorphism class of line bundles on Cksep such that for any mem-
ber Lθ, we have that L
⊗2
θ is isomorphic to the canonical bundle and
h0(Cksep ,Lθ) is a positive even integer.
(d) There is a unique vanishing even theta characteristic of C.
(e) There is a del Pezzo surface S of degree 1 defined over k such that C is
the branch curve of the Bertini involution on S. If k = ksep then S is
unique up to isomorphism.
Proof. Parts (a), (b), (c), and (e) can be found in [Vak01, Section 2.8] and
[Vak01, Proposition 3.2]. Part (c) follows trivially from part (d). To show
(c) implies (d), if Lθ1 and Lθ2 are two line bundles corresponding to vanish-
ing theta characteristics, then h0(Cksep,Lθ1⊗Lθ2) ≥ 4. The Riemann-Roch
theorem shows that Lθ1 ⊗ Lθ2 is equivalent to the canonical bundle, so it
follows after a simple calculation that Lθ1
∼= Lθ2 . 
Let S/k be a del Pezzo surface of degree 1. It is a classical fact that
PicSksep ∼= Z
9 as a group, and that the intersection pairing 〈·, ·〉 on S imbues
PicSksep with the structure of a lattice. As the canonical class KS is always
defined over k, the sublattice
(PicSksep)
⊥ := {x ∈ PicSksep : 〈x,KS〉 = 0}
is also defined over k. Moreover, it is a classical fact that (PicSksep)
⊥ is
isomorphic to a simply laced lattice of Dynkin type E8. We denote the
Weyl group of the lattice of Dynkin type E8 by WE8 and note that WE8 is
also the isometry group for this lattice. Additionally, the Bertini involution
of S acts on (PicSksep)
⊥ via the unique nontrivial element of the centre
of WE8 . We label the elements of the centre of WE8 by ±1 and we let
W+ := WE8/〈±1〉. For details, see [Zar08, Section 2.2].
Definition 4.4. A marked del Pezzo surface of degree 1 is a pair (S/k,B)
with S/k a del Pezzo surface of degree 1 and B = {e1, . . . , e8} a basis for
Pic(Sksep)
⊥ such that 〈ei, ei〉 = −1 for each i and 〈ei, ej〉 = 0 for all i 6= j.
We refer to the choice of basis B as a marking.
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We will make use of the following two classical results regarding degree
1 del Pezzo surfaces. These are of course analogous to the results used
in [Tho16] for degree 2 del Pezzo surfaces.
Proposition 4.5. Let C be the branch curve of the Bertini involution of a
degree 1 del Pezzo surface S/k and let Λ := (PicSksep)⊥. Then there is a
commutative diagram of finite k-groups
Λ∨/2Λ∨
∼= // (Pic(C)/ZθC)[2]
NC
?
OO
∼= // Pic0(C)[2]
?
OO
where NC is the image of
γ : Λ/2Λ → Λ∨/2Λ∨
v 7→ 〈v, ·〉
and θC is the divisor class of the vanishing even theta characteristic of C.
In particular, there is a canonical surjection Λ/2Λ→ Pic0(C)[2].
Proposition 4.6. Let φ : Λ/2Λ → Pic0(C)[2] be the surjection of Propo-
sition 4.5. Let 〈·, ·〉2 be the natural symplectic form on Λ/2Λ induced by
the form 〈·, ·〉 on the even lattice Λ and let e2(·, ·) be the Weil pairing on
Pic0(C)[2]. Then for all v1, v2 ∈ Λ/2Λ we have
〈v1, v2〉2 = e2(φv1, φv2).
For the proofs of Proposition 4.5 and Proposition 4.6, see [Zar08, Lemma
2.4], [Zar08, Lemma 2.7], and [Zar08, Theorem 2.10]. From these propo-
sitions we see that a marking of a degree 1 del Pezzo surface, up to ±1,
uniquely determines a marking of the 2-torsion of its branch curve.
4.1. Points on maximal tori in E8. Theorem 4.3 provides a relationship
between the uniquely trigonal genus 4 curves and del Pezzo surfaces of de-
gree 1. Similar to the relationship between plane quartic curves and degree
2 del Pezzo surfaces in [Loo93], we can ask what the datum of an anti-
canonical section of a degree 1 del Pezzo surface marks on the associated
uniquely trigonal genus 4 curve. Corollary 4.9 provides the answer to this
question.
Before progressing, it is useful to have an explicit description for the
root lattice Λ of type E8. We use the following description which is from
[Dol12, Section 8.2.2]. Let {l, e1, . . . , e8} be the free generators for a 9-
dimensional lattice where the generators are pairwise orthogonal, 〈ei, ei〉 =
−1 for each i, and 〈l, l〉 = 1. One recovers Λ as the sublattice spanned by
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elements satisfying 〈α, α〉 = −2. The roots of Λ are exactly those elements
such that 〈α, α〉 = −2.
Remark 4.7. Let Λ be a root lattice of type E8 and let T = Homk(Λ,Gm)
be a torus. Then χ ∈ T rss if and only if χ does not lie on a root hyperplane,
which is equivalent to χ(α) 6= 1 for every root α [Loo93, Section 1].
We prove an analogue of [Loo93, Proposition 1.8] for degree 1 del Pezzo
surfaces. We let D˜P1 denote the moduli space of marked degree 1 del Pezzo
surfaces and let D˜P1(node) denote the moduli space of marked degree 1 del
Pezzo surfaces together with a singular nodal anti-canonical section.
Proposition 4.8. If k = ksep, then there is aW+-equivariant isomorphism
D˜P1(node) ∼= T
rss/〈±1〉
with T := Hom(Λ,Gm) and Λ a split root lattice of type E8.
Proof. Let K be an abstract nodal genus 0 curve. Then Pic0(K) is isomor-
phic to Gm in a unique way up to inversion. Fix a choice of P1 ∈ Kreg and
corresponding isomorphism τP1 : Pic
0(K) → Pic1(K) ∼= Kreg given by
translation by P1.
Let χ ∈ T rss be a point of the torus T = Hom(Λ,Gm). For each i ∈
{1, . . . , 7} we define Pi+1 to be the unique point ofKreg(k
sep) such that the
divisor Pi+1 is linearly equivalent to Pi + χ(ei+1 − ei). Notice that for any
i, j ∈ {1, . . . , 8} we have that (Pi − Pj) = χ(ei − ej).
The linear system associated to the degree 3 divisor
D := χ(l − e1 − e2 − e3) + P1 + P2 + P3
determines an embedding of K into the projective plane. We claim under
this embedding that the points P1, . . . , P8 are in general position.
We see that two points coincide if and only if χ(ei − ej) = id for some
distinct i, j. We see that Pi1 , Pi2, Pi3 lie on a line if and only if we have
div h = D − (Pi1 + Pi2 + Pi3)
= χ(l − e1 − e2 − e3) + P1 − Pi1 + P2 − Pi2 + P3 − Pi3
= χ(l − e1 − e2 − e3) + χ(ei1 − e1) + χ(ei2 − e1) + χ(ei3 − e1)
= χ(l − ei1 − ei2 − ei3)
for some h ∈ k(K). Similar calculations show that six of these points lie
on a conic if and only if χ(2l − ei1 − . . .− ei6) = id for some distinct ij ∈
{1, . . . , 8} and there is a cubic passing through all eight of these points with
a singularity at one of them if and only if χ(3l− ei1 − . . .− ei7 −2ei8) = id
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for some distinct ij ∈ {1, . . . , 8}. To recapitulate, the points P1, . . . , P8 lie
in general position if and only if χ(α) 6= 1 for each root α of Λ.
The blow-up of P2 at the eight points P1, . . . , P8 is a marked degree 1 del
Pezzo surface with a marked nodal anti-canonical curve (S, {e1, . . . , e8}, K
′),
whereK ′ is the strict transform ofK under the blow-up.
If the construction above sends χ to (S, {e1, . . . , e8}, K
′), then it sends
−χ to (S, {ι(e1), . . . , ι(e8)}, K
′), where ι is the Bertini involution of S. It
is clear that every marked degree 1 del Pezzo surface with a marked nodal
section is obtained by this construction in a unique way up to inversion on T .
Additionally, this map is WE8-equivariant, so we obtain a W+-equivariant
map T/〈±1〉 → D˜P1(node). 
Corollary 4.9. There is aW+-equivariant isomorphism fromT rss to T s.ram4 (2).
Proof. Proposition 4.8 supplies a W+-equivariant isomorphism
T rss ∼= D˜P1(node). However, there is aW+-equivariant isomorphism from
D˜P1(node) to T
ram
4 (2). Explicitly, if (S, s) is a marked degree 1 del Pezzo
surface, we obtain a uniquely trigonal genus 4 curve with marked 2-level
structure by taking the branch curve. By [Kul16, Corollary 2.2], the section
s corresponds to a unique ramification point of index 2. 
IfK is an abstract cuspidal genus 0 curve, then wemay choose an isomor-
phismGa ∼= Pic
0(K). This choice of isomorphism is unique upAut(Ga) =
Gm, and the −1 element of Gm acts on Ga by inversion. Thus, if Λ is the
character lattice of a torus T , then Aut(Ga) acts on t := Hom(Λ,Ga) and
we have (t\{0}) Aut(Ga) = Pt.
Let D˜P1(cusp) denote the moduli space of marked degree 1 del Pezzo
surfaces together with a singular cuspidal anti-canonical section. By replac-
ing the singular nodal cubic in the proof of Proposition 4.8 with a cuspidal
plane cubic we can prove using an identical argument:
Proposition 4.10. If k = ksep, there is aW+-equivariant isomorphism
D˜P1(cusp) ∼= Pt
rss
with t := Hom(Λ,Ga) and Λ a split root lattice of type E8.
In the proposition above, one can think of t as the Lie algebra of a maxi-
mal subtorus of a split adjoint simple group of type E8. As before we also
obtain:
Corollary 4.11. There is aW+-equivariant isomorphism fromPtrss to T t.ram4 (2).
Remark 4.12. Let Λ be the simply laced lattice of Dynkin type E8. Let
C/k be a uniquely trigonal genus 4 curve, let π : C → P1 be the unique up
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to PGL2 trigonal morphism, and let P be a ramified point of π. We give the
details of the assignment of (C, P ) ∈ T s.ram4 (k) to a rational point on the
torus T = Hom(Λ,Gm)(k) which is well-defined up toWE8
∼= Aut(Λ).
The canonical model of C lies on a quadric cone in P3. We may identify
the quadric cone with P(1 : 1 : 2) and up to automorphisms of P3 we see
that C is given by a model of the form
C : 0 = f0w
3 + f2(s, t)w
2 + f4(s, t)w + f6(s, t).
Since C is not hyperelliptic, we have that f0 6= 0. The uniquely trigonal
morphism π is induced by the projection π : (s, t, w) 7→ (s, t). We let S/k
be the degree 1 del Pezzo surface defined by the sextic equation in P(1 : 1 :
2 : 3)
S : z2 = f0w
3 + f2(s, t)w
2 + f4(s, t)w + f6(s, t).
Using the marked point P = (s0, t0, w0) on C we define an anti-canonical
section on S. The map
π : X → P1
(s, t, w, z) 7→ (s, t)
is a rational map which is regular outside the base-point of S. TheWeil divi-
sor D = π−1(s0, t0) is an anti-canonical divisor of S. Moreover, by the as-
sumption that P is a simply ramified point of π, we see thatD as a scheme is
isomorphic to a nodal genus 0 curve. The restriction Pic(Sksep) → Pic(D)
induces a homomorphism of Galois modules
Pic(Sksep)
⊥ → Pic0(D).
Up to Aut(Λ) we may choose an identification Λ ∼= Pic(Sksep)
⊥. We may
also choose an identification Pic0(D) ∼= Gm, and the choice of this iden-
tification is unique up to inversion. We obtain a Galois action on Λ by
inheriting the Galois action on Pic(Sksep)
⊥. Thus, we obtain a point κC ∈
Hom(Λ,Gm)(k) and this point is unambiguously defined up toAut(Λ). We
produce a similar assignment T t.ram4 (k) 99K PHom(Λ,Ga)(k) in an analo-
gous fashion.
Via Corollary 4.9, Corollary 4.11, and Remark 4.12 we obtain:
Theorem 1.2.
E8 : If k = ksep, then the assignment of Remark 4.12 induces a bijection
T s.ram(k)→ (T rss  WT )(k)
with Λ the root lattice of type E8 and T = Hom(Λ,Gm) the split
torus of rank 8.
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e8 : If k = ksep, then the assignment of Remark 4.12 induces a bijection
T t.ram(k)→ (Ptrss WT )(k)
with t the Lie algebra of the torus T .
Remark 4.13. An additional advantage of using the space Pt instead of t is
pointed out in [Loo93, Section 1.16]. Namely, that there is a natural way to
fit together the isomorphisms from Proposition 4.8 and Proposition 4.10.
5. REPRESENTATION DATA AND G◦-CONJUGACY CLASSES
In this section, we perform a minor but important technical calculation
using the method of [Ree10] to compute a certain component group. The
main results from this section are Corollary 5.2, Lemma 5.4, and Lemma
5.5.
LetH be a split adjoint simple group over k of typeE8. For an involution
θ we let G := (Hθ)◦. By Proposition 3.3, if θ0, θ are involutions of H of
Thorne type, there is a unique φ ∈ Aut(H) up to Hθ(k)-conjugacy such
that φθ0φ
−1 = θ. However, we will require a way to determine φ uniquely
up to G(k)-conjugacy. [Ree10] shows that discrepancy is explained by a
finite group of connected components. We calculate this component group
in Corollary 5.2 and show that it is trivial. Nevertheless, it is still useful
to supply the extra data of a representation, as in [Tho16], to resolve other
technicalities.
5.1. Preliminaries for root systems. Let h be the Lie algebra ofH and let
t be the Lie algebra of a maximal split subtorus T . In other words, t is a
Cartan subalgebra of h. Let t∨ := Homk(t, k) denote the linear dual to t.
For any α ∈ t∨, we let
hα := {x ∈ h : (adh t)x = α(t)x for all t ∈ t}.
There are only finitely many α for which hα 6= 0; these α are called the
roots of (h, t) [Bou75, Chapter 8, Section 2].
Let Φ denote the set of roots of (h, t). We see that the Z-linear combi-
nations of elements of Φ, which we denote by ZΦ, form a lattice called the
root lattice of (h, t). We see that ZΦ is also (by definition) the character
lattice of t. The character lattice of T can be canonically identified with the
character lattice of t, so we write Λ = ZΦ.
5.2. Computing the connected components ofHθ. We compute the Zariski
connected components of Hθ using the method of [Ree10], on which we
give an exposition below. We remark that it suffices to determine the con-
nected components in the analytic topology as these are exactly the con-
nected components in the Zariski topology.
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Let Λ be the character lattice of T and let Y = Hom(Λ,Z) be the co-
character lattice of T . Let V := Y⊗ZR. Wemay regard V as the Lie algebra
of the maximal (analytically) compact subtorus S ⊆ T via the exponential
map
exp : V → S,
which is a surjective group homomorphism. The kernel of exp is exactly Y ,
so in particular we have an isomorphism
exp : V/Y
∼
−→ S.
The action of the Weyl group WT on Λ gives rise to a dual action on Y
and hence on V . This action is faithfully represented by the action of the
reflection group of the coroot lattice ZΦ∨ ⊆ Y extended to V . Note that in
general ZΦ∨ 6= Y , though we do have equality when Λ is a root lattice of
type E8. This fact is not true for E7, and we shall discuss exactly how this
difference manifests in terms of invariant theory in Remark 5.3.
We now recall some facts stated in [Ree10, Section 2.2]. Any element of
H which acts on LieH diagonalizably (over C) is H-conjugate to an ele-
ment of T . Additionally, we have that two elements of T are H-conjugate
if and only if they are conjugate by WT . Any torsion element of H acts
diagonalizably over C and is conjugate to an element of S. The elements
s = exp(x) and s′ = exp(x′) of S are conjugate if and only if x, x′ are in
the same orbit under action of the extended affine Weyl group
W˜T := WT ⋉ Y
where Y acts on V by translations.
Let∆ := {α1, . . . , αℓ} be a basis of simple roots ofΛ and let {ωˇ1, . . . , ωˇℓ}
be the basis of the co-weight lattice dual to ∆. Which is to say, under the
natural pairing we have that 〈αi, ωˇj〉 = δij . Let α0 =
∑ℓ
i=1 aiαi be the
highest root of Λ with respect to ∆ (here the ai are positive integers). Let
vi := a
−1
i ωˇi for 1 ≤ i ≤ ℓ and let v0 := 0.
The set
C =
{
ℓ∑
i=0
xivi ∈ V : 0 < xi < 1 and
ℓ∑
i=0
xi = 1
}
is the alcove determined by∆ (for a proper definition of alcove see [Ree10,
Section 2.2]). For each g ∈ W˜T we may write g · C := {x ∈ V : g
−1(x) ∈
C}. Note that the closure of C is the simplex of dimension ℓ given by the
convex hull of {v0, . . . , vℓ}. It is a fact that g · C ∩ C 6= ∅ if and only if
g · C = C. An important group related to H is the alcove stabilizer, which
is defined as
Ω := {g ∈ W˜T : g · C = C}.
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For x ∈ V , we further define Ωx to be the subgroup of Ω stabilizing x.
It is computationally useful to note that Ωb = Ω if b is the barycentre of
C. One has that Ω ∼= Y/ZΦ∨ and that Ω is isomorphic to the fundamental
group of H (see [Ree10, Section 2.2]). The following useful result appears
as [Ree10, Proposition 2.1].
Proposition 5.1 (Reeder). Let C¯ denote the closure of C in V . Denote by
CH(s) the centralizer of s inH . For s = exp(x) with x ∈ C¯, the component
group of CH(s) is isomorphic to Ωx.
We now prove the main result of this section.
Corollary 5.2. LetH be a split adjoint simple group of typeE8 and θ : H →
H an involution. ThenHθ has a single connected component. In particular,
Hθ = (Hθ)◦.
Proof. Recall that Ω ∼= Y/ZΦ∨ and that Y = ZΦ∨ for root lattices of type
E8. Thus Ω is trivial, so by the preceding discussion we have thatH is sim-
ply connected. Since the Dynkin diagram of E8 admits no automorphisms,
we have that every automorphism ofH is inner (see [FH91, Exercise 8.28],
[FH91, Proposition D.40] ). Note that as H has trivial centre, it is isomor-
phic to its group of inner automorphisms, so we may choose an element
s ∈ H(C) such that s = s−1 and θ(h) = shs−1 for all h ∈ H . But Ω is
trivial, so by Proposition 5.1 the centralizer of any 2-torsion element has a
single connected component. Since Hθ = CH(s) we are done. 
Remark 5.3. IfH is a split adjoint simple group of typeE7, then the alcove
stabilizer has order 2. Thorne uses exactly this computation to show Hθ
has two connected components if θ is a split involution of trace − rkH .
It is mostly for this reason that his argument requires the extra data of a
representation (see the bulleted remarks in Section 3A of [Tho16], as well
as the proof of Theorem 3.5).
A consequence of Corollary 5.2 is that the data consisting of a point on
a maximal torus and a split involution acting by inversion on this torus is
sufficient to determine a unique (Hθ)◦-orbit. In particular, we do not need
to keep track of any representation data to identify the correct connected
component of Hθ.
5.3. Two representations of dimension 16. Here we state somewell-known
facts regarding two 16-dimensional representations used in Section 6.
Lemma 5.4. Let B be a genus 4 curve with theta characteristic κ. Let W3
be the theta divisor on Pic3B. Let Θκ := t∗κW3 ∈ Div(Pic
0B) be the
pullback ofW3 along translation by κ. Then
h0(Pic0B, 2Θκ) = 16.
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Proof. See [BL04, Chapter IV, Section 8]. 
The statement of Lemma 5.4 does not require any property of B beyond
the genus.
Lemma 5.5. Let H be a split adjoint simple group of type E8 defined over
k and let θ : H → H be an involution of Thorne type. Then
(a) The Lie algebra LieHθ is of Dynkin type D8. In particular there is an
isomorphism
LieHθ ∼= so16.
(b) The Standard representation of LieHθ is a 16-dimensional representa-
tion.
Proof. One need only determine the Dynkin type of Hθ as the remaining
statements are standard facts. By functoriality of Lie, we have that LieHθ =
hdθ=1, where hdθ=1 denotes the +1-eigenspace of the involution dθ acting
on h. Additionally, we have that H ∼= Aut(h)◦ since H is a split adjoint
simple Lie group of type E.
By Proposition 3.3 it suffices to demonstrate the claim for a particular
involution of Thorne type. Let t be a maximal split Cartan subalgebra of h
and write
h = t⊕
⊕
α∈Φ(h,t)
hα
withΦ(h, t) denoting the roots of hwith respect to t. We fix an identification
of Φ(h, t) with the E8 root system in R
8 (as in [Bou68, Planche 7]) and
let ΦZ(h, t) ⊆ Φ(h, t) be the roots whose coordinates have integer entries.
Define dθ by linearly extending
dθ(x) :=

id if x ∈ hα, α ∈ ΦZ(h, t)
id if x ∈ t
−id if x ∈ hα, α ∈ Φ(h, t)\ΦZ(h, t)
.
We note that for α, β ∈ Φ(h, t), we have that α+ β has non-integer coordi-
nates precisely when exactly one of α, β has non-integer coordinates. Using
[FH91, Excercise D.5] it is a simple calculation to check that dθ preserves
the Lie bracket. Thus dθ is a split involution of h, which corresponds to a
split involution θ ∈ H . Moreover, we see that Tr(dθ) = − rkH , so θ is of
Thorne type. It is a standard fact that the Dynkin type of the root system
ΦZ(h, t) isD8. 
6. CONSTRUCTION OF ORBITS FOR THE E8 CASE
In this section we prove the main results stated in Section 1.2.
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6.1. Proof of Theorem 1.3.
Theorem 1.3.
E8 : Let H be the split adjoint simple group of type E8 over k, let θ be
an involution of H of Thorne type, and let X := (Hθ(h)=h
−1
)◦ be
the theta inverted subvariety. Let G := (Hθ)◦. Let Xrss be the
open subset of regular semi-simple elements. Then the assignment
(C, P ) 7→ κC of Theorem 1.2-E8 determines a map
T s.ram(k)→ G(k)\Xrss(k).
If k = ksep, then this map is a bijection.
e8 : LetH be as above, letX := hdθ=−1 be the Lie algebra of (Hθ(h)=h
−1
)◦,
and let Xrss be the open subset of regular semi-simple elements.
Then the assignment (C, P ) 7→ κC of Theorem 1.2-e8 determines a
map
T t.ram(k)→ G(k)\PXrss(k).
If k = ksep, then this map is a bijection.
Remark 6.1. We often make use of an assignment (C, P ) 99K Hom(Λ,Gm)(k)
which is only well-defined up to WE8 . However, we are only interested
in this assignment insofar as to construct a G(k)-orbit. Via the isomor-
phisms of Theorem 3.2 and Theorem 3.1 we resolve the ambiguity intro-
duced by WE8 when assigning (C, P ) to a point κC ∈ Hom(Λ,Gm)(k)
(resp. Hom(Λ,Ga)(k)).
We prove this theorem by closely following the proof of [Tho16, Theo-
rem 3.5].
Proof. Let (C, P ) ∈ T s.ram(k), let V = Λ/2Λ, and let T be the maximal
subtorus ofH on which θ acts by inversion. Let 〈·, ·〉 be the pairing defined
on Λ and let 〈·, ·〉2 : V → F2 denote the reduction of 〈·, ·〉 modulo 2. Let
q : V → F2 be the quadratic form defined by q(v) :=
〈v′,v′〉
2
(mod 2), where
v′ is a lift of v ∈ V to Λ. We remark that q is well-defined since the bilinear
form on any lattice of type E is even. Recall from Remark 4.12 that we
may view κC as an element of Hom(Λ,Gm)(k) which is well-defined up to
inversion and theWeyl group of T . Additionally, we have that Λ is endowed
with a Galois action from this assignment.
We now use the curve C to produce the data needed for Lurie’s construc-
tion. Let L be twice a theta divisor of Pic0(C) and let H˜L be the associated
Heisenberg group (see [Tho16, Section 1C]). We have the exact sequence
1 // Gm // H˜L // Pic
0(C)[2] // 1
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and an injection Pic0(C)[2] −֒→ Λ∨/2Λ∨ induced from restriction of di-
visor classes. This gives us the diagram with exact rows via duality and
pullback
1 // Gm // H˜L // Pic
0(C)[2] // 1
1 // Gm // E˜
ψ //
OO
V //
γ
OO
1.
Note that the commutator pairing on H˜L descends to the Weil pairing on
Pic0(C)[2]. Since by definition the kernel of γ is the radical of 〈·, ·〉2, it
follows that the commutator pairing on E˜ descends to 〈·, ·〉2 on V .
Define a character of E˜ by χq(e˜) = e˜
2(−1)q(ψe˜). Note that χq is well-
defined since e˜2 ∈ Gm. Letting V˜ := kerχq gives us the extension
1 // {±1} // V˜ // V // 1.
We define W := H0(Pic0(C),L). Note that H˜L acts onW by pullback of
sections, so we define V˜ to act onW via the surjective homomorphism V˜ →
H˜L. If k = k
sep, then this is a 16-dimensional irreducible representation of
V˜ (ksep) sending−1 to −idW . It is clear this action is Galois equivariant.
We have now constructed a quadruplet (Λ, V˜ ,W, ρ) satisfying the condi-
tions of Data I in Section 3.1. Thus, by Theorem 3.5, we obtain a simple
adjoint group H0 of type E8, an involution θ0 leaving the maximal torus
T0 ⊆ H0 stable, and a representation of g0 = h
dθ=1
0 . We have that θ0 acts
on T0 by t 7→ t
−1 and that T0 is canonically identified with Hom(Λ,Gm).
From now on we view κC as a point of T0.
Observe that we have constructed a 16-dimensional representation ρ : g0 →
gl(W ) of a Lie algebra of Dynkin type D8 defined over k, so g0 is split.
Since g0 is a split Lie subalgebra of the same rank asH0 by Lemma 5.5, we
have that H0 is split.
By Proposition 3.3 there is an isomorphism ϕ : H → H0, unique up to
Hθ(k)-conjugacy, satisfying θ0ϕ = ϕθ. By Corollary 5.2 this isomorphism
is unique up to G(k)-conjugacy as well.
It follows that the orbit G(k) · ϕ−1(κC) ∈ G(k)\X(k) is well-defined.
By Theorem 1.2 and Theorem 3.1 this orbit is stable (regular semi-simple)
and the association T s.ram(k) → G(k)\Xrss(k) is bijective when k = ksep.
We are now finished with the E8 case. The proof of the e8 case is nearly
identical, with the maximal tori of H replaced by Cartan subalgebras of
h. 
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6.2. Proof of Theorem 1.4. To prove Theorem 1.4, one could transplant
the proof of [Tho16, Theorem 3.6] as the arguments almost directly apply
to our situation. We have chosen to corral the parts of the argument of
[Tho16, Theorem 3.6] that depend only on Lurie’s construction into Lemma
6.3 and Lemma 6.4 in the hopes that it might be of referential convenience.
Let C/k be a curve. A theta group ofC is a central extension of k-groups
0 // Gm // Θ // JC [2] // 0
such that the commutator pairing on Θ descends to the Weil pairing on
JC [2]. A morphism of theta groups is a morphism such that the diagram
0 // Gm // Θ1 //
ψ

JC [2] // 0
0 // Gm // Θ2 // JC [2] // 0
commutes. Every theta group admits a natural action on the vector space
H0(Pic0(C), 2Θ), with Θ a theta divisor on Pic0(C); an element (λ, ω)
acts via pullback of sections by the translation τω and scaling by λ. Every
Heisenberg group H˜LB is a theta group [Tho16, Section 1C], and the natural
action of H˜LB onH
0(Pic0(C),LB) agrees with the action from above. The
following well-known result underscores the importance of theta groups.
Lemma 6.2. (a) Let C/k be a curve and let L be twice a theta divisor on
Pic0(C). Then there is a canonical identification between isomorphism
classes of theta groups of C and elements of H1(k, JC [2]) such that the
isomorphism class of the Heisenberg group H˜L is identified with the
trivial cocycle.
(b) Let A ∈ JC(k), and let B ∈ JC(ksep) such that [2]B = A. Let
τB : JC → JC be the translation-by-B morphism and let LB = τ ∗BL.
Then the cocycle class (σ 7→ [Bσ − B]) ∈ H1(k, JC[2]) corresponds
to the isomorphism class of H˜LB , and the isomorphism class of H˜LB is
independent of the choice of B.
Proof. The first statement can be found in [CFO+08, Section 1.6] for ellip-
tic curves, or in [Mum70, Section 23] more generally. The second statement
is from [Tho16, Section 1C]. 
The data that a curve C provides to the construction of Lurie is functorial
in the theta groups of C. We express this fact as the following two lemmas.
Note that the data of a marked ramification point on C is not necessary to
produce the data needed for Lurie’s construction. Rather, it is needed at a
later point in the argument to mark an orbit in the appropriate orbit space.
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Lemma 6.3. Let Λ be an irreducible simply laced root lattice and let V =
Λ/2Λ. Let C be any curve such that there exists a surjection γ : V →
Pic0(C)[2] such that the natural pairing on V descends to the Weil pairing.
Then the construction of Lurie from Section 3.1 defines a map
{theta groups of JC [2]} → D(k).
Moreover, if (H0, θ0, T0, ρ0) is a quadruple in the image of this map, then
H0 and (H
θ0
0 )
◦ are split and T0 is canonically identified with the torus
Hom(Λ,Gm).
Proof. The result is established by the first two paragraphs of the proof of
[Tho16, Theorem 3.6]. Alternatively, one can consult the proof of Theorem
1.3 above and replace the choice of Heisenberg group with any theta group
of C. 
Lemma 6.4. Let C/k be a curve satisfying the conditions of the previous
lemma, let A ∈ JC(k) represent a class in JC(k)/2 and let B ∈ JC(ksep)
be such that [2]B = A. Let ψB be the morphism of theta groups
0 // Gm // H˜L //
ψB

JC [2] // 0
0 // Gm // H˜LB
// JC [2] // 0
defined over ksep induced by translation by B. Then the construction of
Lurie gives a corresponding morphism of tuples ψB : (H0, θ0, T0, ρ0) →
(HB, θB, TB, ρB). Moreover, if i0, iB are the canonical identifications of
Hom(Λ,Gm) with T0, TB respectively, then ψBi0 = iB . Furthermore, this
morphism is exactly the morphism induced by the image of σ 7→ [Bσ − B]
under the inclusion JC [2] −֒→ V ∨ via [Tho16, Lemma 2.4].
Proof. Functoriality is established by the comments preceding in [Tho16,
Lemma 2.4]. The remaining details can be found in paragraph 5 of the proof
of [Tho16, Theorem 3.6]. 
We now arrive at the main result of this section
Theorem 1.4.
E8 : Fix an x = (C, P ) ∈ T s.ram(k) and by abuse of notation we denote
by x the image of (C, P ) in T WT . Let π : X → X G denote the
natural quotient map, where X is as in Theorem 1.3-E8. Note that
X G is canonically isomorphic to T WT . Let Xx be the fibre of
π over x and let Jx = JC . Then there is a canonical injective map
Jx(k)
2
−֒→ G(k)\Xx(k).
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e8 : Fix an x = (C, P ) ∈ T t.ram(k) and by abuse of notation we denote
by x the image of (C, P ) in PtWT . Let π : PX → PX G denote
the natural quotient map, whereX is as in Theorem 1.3-e8. Let PXx
be the fibre of π over x and let Jx = JC . Then there is a canonical
injective map
Jx(k)
2
−֒→ G(k)\PXx(k).
Proof. Let Λ be a simply laced lattice of Dynkin typeE8 and let V = Λ/2Λ.
LetA ∈ Jx(k) be a rational point and chooseB ∈ Jx(k
sep) such that [2]B =
A. As before, we have by Proposition 4.5 that there is an isomorphism
V → Jx[2] of k-groups. As before, the natural pairing on Λ descends to the
Weil pairing on Jx[2].
Translation by B induces an isomorphism of theta groups H˜L ∼= H˜LB
defined over ksep. By Lemma 6.3 we obtain quadruples (H0, θ0, T0, ρ0) and
(HB, θB, TB, ρB) from H˜L and H˜LB respectively, and by Lemma 6.4 we ob-
tain an isomorphism of these tuplesF : (H0, θ0, T0, ρ0)
∼
→ (HB, θB, TB, ρB)
defined over ksep. From Lemma 6.4, we see that the cocycle σ 7→ F−1F σ is
canonically identified with the cocycle σ 7→ [Bσ − B]. Note if A = B = 0
then all of these isomorphisms are in fact identity maps.
By Remark 4.12 we choose a point in Hom(Λ,Gm)
rss(k) lying over x ∈
T  WT (k), which we will denote by κC . We use κC to construct a G(k)-
orbit inXx(k). As in Theorem 1.3 we obtain morphisms
ϕ0 : (H, θ, T, ρ)→ (H0, θ0, T0, ρ0)
ϕB : (H, θ, T, ρ)→ (HB, θB, TB, ρB)
from the standard tuple defined over k. The morphisms ϕ0, ϕB are unique
up to G(k)-conjugacy. Via the canonical identifications of Hom(Λ,Gm)
with T0, TB we obtain points κ
0
C ∈ T0(k), κ
B
C ∈ TB(k). We have that
ϕ−10 (κ
0
C) ∈ Xx(k) is the point constructed in Theorem 1.3 and we obtain
the corresponding G(k)-orbit G(k) · ϕ−10 (κ
0
C). Similarly, we obtain the
point ϕ−1B (κ
B
C) and the orbitG(k) ·ϕ
−1
B (κ
B
C). Note by Remark 6.1 theG(k)-
orbits G(k) · ϕ−10 (κ
0
C) and G(k) · ϕ
−1
B (κ
B
C) are independent of the choice of
κC ∈ Hom(Λ,Gm)
rss(k) lying over x.
Note that Fx := ϕ
−1
B Fϕ0 is an automorphism of H which commutes
with θ. Additionally, we see that the image under F of T0 is exactly TB by
Lemma 6.4, and again by Lemma 6.4 have that F (κ0C) = κ
B
C . Thus, both
orbits G(k) · ϕ−10 (κ
0
C) and G(k) · ϕ
−1
B (κ
B
C) lie in the slice Xx and we have
that F induces an automorphism Fx : Xx → Xx defined over k
sep sending
the orbit of ϕ−10 (κ
0
C) to the orbit of ϕ
−1
B (κ
B
C).
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As in the proof of [Tho16, Theorem 3.6] we have a canonical bijection
from [BG14, Proposition 1]
G(k)\Xx(k) ∼= ker(H
1(k, ZG(ϕ
−1
0 (κ
0
C)))→ H
1(k,G))
under which the orbit G(k) · ϕ−10 (κ
0
C) is sent to the zero element and under
which the orbitG(k) ·ϕ−1B (κ
B
C) is sent to the cocycle σ 7→ F
−1
x F
σ
x . We also
have the canonical isomorphisms
ZG(ϕ
−1
0 (κ
0
C))
∼= ZG0(κ
0
C)
∼= Im(V → V ∨)
from [Tho13, Corollary 2.9]. By Proposition 4.5 we have that Im(V →
V ∨) ∼= Jx[2]. Thus there is an injection
G(k)\Xx(k) −֒→ H
1(k, ZG(ϕ
−1
0 (κ
0
C)))
∼= H1(k, Jx[2]).
The map in the statement of Theorem 1.4 is defined by sending A ∈
Jx(k)/2 to the orbit G(k) · ϕ
−1
B (κ
B
C). We have shown that the coboundary
map δ : Jx(k)/2 −֒→ H
1(k, Jx[2]) factors through G(k)\Xx(k), so we see
that the mapping A 7→ G(k) · ϕ−1B (κ
B
C) is injective. This finishes the proof
in the E8 case. The e8 case is obtained similarly. 
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